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Saha's equh shous thaxr the degree 0k lonisation
] dQ]OthA hot only on tempevq’{v\\fe but also on

© Premuxe, 9t & lavge at high tembevatuves amd
Low )ove)(suve.

Some o{ '

Thala *)-OYW\MlO\ *tihOLA quH q!gplj\oqﬁong b aatyo PW,
Whidy ave - |
;) Pvauh\r»o-key SFec‘ww\m Ot'ﬁe&mi ’
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Theve “a ho rvestyickioh on the wumbey ot bosong
Which cav be in any S'make kv Hele %%fﬁ T*hekCoU.Qlo\Se’ o3
bosons Anto a s'\haie PQY*HC).Q %YOWY\()\ stote 4 called
the "Bose— Cinstedn CthQhSCA‘HOH'r T+ 2w hot o condensation
n SPQCQ bu¥ com be colled a condensabion th momentum
Space.
Let wb consider o4 a qad 0f N bosons (h & box
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N= ¢ r(3/1) §(3/~’~) U?a'rb\f/:
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bosons  Should be n the exciteq

egu de”ﬁhd,a upoh the partide wmas amd barticle

density (N/u) 40 the SyStem;

T PhE W, e o °F Portcles {bosons) (m e g vound
Stake i, Wmo st he@hgilolz. But below T, Particles
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At Od’\moslohev'nc premure

~ Yoymal Lquid at 4.3 k., Ag the tempevatuye iy Avcreated
Lowered o ther, &A%d heliwm exhibits amothey Phase

= tvamsibon o 2.8 k. Y ou Moy expect helium  +g solidigy

Instead 1t d\o/nau i omopthey Wd 04 Very Surpr
' ,‘;u\tudc wwicv,(e Proper ties, g hew  bhase iy called
~ L\qpxd heliwm- " tv CL'AA“Eh@wCsh 1t Prom the Phase above
@ 218 <y which - termed !'Lt'%lo[ He —T ”,

Uv\icvue ]wo}:er’du ot—"l{q‘pid He-1 Y

s'\hg,

f B ad hoy PYO\CHQO.U.A, Ieyp viscos’u‘cy amd  cam How vq[oidlfy
2 dmost  withoo Yerstomce

7 p -l-hrou,gk harrow ‘tubes The
,\ }OYOFQY{\/ %odafed with it have been qurqcter'\&ed QA
. Super fluididy,

< 4

"T) .ji‘cdh he.a,{'_ Conduchiyi E:[ 3t hay L'hfm,{{:e thermal Cbhdud-iv'»{y.

T heams  that Wreapective 0+ wheye you heat the

: ,‘{ Uq/uio\ 1t wil eVapoyale *hom the +top Surtace . The HeT-
3 He T phase tromsition Visually <havateyised by the
disﬂkloeavinﬂ 0y bubbles and l:otlma.

. Othey teatures.

O por diagram ot 4pe.
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Conclusion ;

") No hear A3 {nvelved oy absorbed during  the tramsition
trom HeT - HeTl, Th othey coovd, ho latent heod
4 (nvolved duyiha the tramsition which S%%Q’f
thar the e_hkvo):»’ 4y  Cohbnmouwd acrocs the Curve.
Ve Entropy of HeT Ay practicolly same o that of he-T.
i} Theve a no CJnO/v\aQ of o(ems'\h/ ducr"hca tromsitions
Ce. density o} both types of heliumn b about the same,
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: Chamdvasekhoy  Limut -

The cove o a Star thot hou exhausted its mucleay
Y cam end up n difierent Loowy g de{cehdiha on its mom,
S+ Chomdroshe khay ds coveyed 'HV\QDYOHQQMA/ (h 1330S that
o Stable condition 0t equilibrium beliocen the COuQESiha
qravitationa) Yorce omd  the deﬂehe\ﬂ\@f Prexsure 0t Feymi
q (dac%vo\n) @M oceuy with coves Which haye mares up

MMO& the wom of the Sun. Thy i Ringuwh
Ay the Chomdrasekhar Linit”  Such stable coves 04 dead

~ Stovs ave called " White v:DUOGY‘k_S”. 3y the wana of the
Cove exceeds the Chandyasekhay Mt the gvavitational
wmpremion becomes S0 Javge thotr the electyons ave
t(lTCEd\ ihto the hude,t. Tl Pyoqm 44 krown al

" AnveySe  betq clecoa, ", The Star A how O‘Al«/ Composed
Of “neutions ', These  weultvons ' cam With stomd  the ’

1] !
Fravitational  @mprersion . we have o Neutvyon Stov.
Dexwation *

A Smal stay whsisb‘hg o clements )igh’tvr tham
tron  which hax veached the g4age (heve ho Yuvthey

Widear buyiing s poscible 4 called o |white dM.

o

Derpite  the nigh tempevature toumd (n €tellay (nteviovg,
the electrons (b a White dwar} ave quite degenerate |
because the volue of Feym Tempevature Tp So large.
When a  star buyns oll {is hydvogen tuel it s made
up maindy o4 plasma of _bhelium  nudel amg electrong,
Toe 8@%&%’%0) Jovees between the helium nucles cause
the star +to Colopse  wnkil the ol prexuve D the
electyvons afveh by = rih
i TP AT By —lS -l T
5 bringe-a hott 1o the collapse. -«

Heve ;
§= densily of the gou
€plo) = Rermi ehevgy at absslute zeyo
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Heve, &g i the g'rav'\{ﬂ'HonoJ Po’cen‘dd enevqy
G * GravitaHonal GCongtomt
R 4 Radiua 0*{ the Star

s th
M2~ N D the wom Ot,\a:ar made up ot
N heliww dloms each 0 mamd m, ..
The ourwoyd Pauldi premure s gven by

-‘2/3

P~ 2 N . B3N : &

Ay QME(8“V> [ EPZE\%[S’BWA\»/{]J‘
e

R N T,
1(\21—3 Me (\:”> ) [ v~R3]

A N
= = 1"

Heve me au the electyon mows,am-ol the ho- o electyons
P QC'[:QQU«&/ aN twice the no-o0f helium nwuded, €q/ua’c€h3
Pp ond Tg gives the vadius ot the Stara,
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G N mpe & Ko >

Ré me RS
= R ~ N5/3 -I;)-? s £ 2
G me mlje NS G e maHe N‘/3
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AN the wumerical Constoats 4rom  tana ex prearon have

been dyoppeo\ to 8QJC Juat om amother- ovder 0%
magh&ude e&{mod?, puﬁ-\'hﬂ M= M, B—he solay mar),
We get R= " Xl: Km , which Shows that

White duwaryy 4 a compact object.
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S (V) ia devived o the bonic 0} non- relativistic
't*neovy. But the electyon System of the White dwart
Mt be  tveated Ye)aHv'ISHca)h/. The relativistic tyeatment
yieddy the veuwlt Hhat tor Stellay wousrey Jreater than
Aboud Wq Mo ,, the Pauk Prexivre com ho -QQQQY S{-;P
The gravitatipnol wlapse, the stay continues its irfall

& SUpernova ocaunrs, amd d%hon Star oy

A black hole Ay $ormed. This writical marny 1y
R nown w“&wdrasekMY LW

~ Neutvon Stars and  Pulsays

)-owcaev Stors have Sufticient heliuwm Yor the wucleay

¥eaction to continue go +hot heaviey elementc up to

- LYoh aye fevymed, But fron the heavieat element
thatr can be Yormed  with the broduction 0% Sheygy.

AS  ivon s ub the cove of the wanmive Stav, the
‘cem(oemlcuru ave o high thok the ivon nucle begin
/:’ v break into Smalley ks Like L= par Heled . Th

e Ei%k re

2 Np lohaer hiah ehoucak +o Counteyact 8Yav'lfy Amal

\}/* The Cove CO/UQIDSCA. As the o(eh.si%y A'hcvecusu, the elechone

- Squeesed inty the huclei omd yeact widh the
Protons theve 45 Prodiuce netrons omd oarthe Uty ings,

—arye
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P++€ —3 nNna* D

T™e  heutying ercape, A gas composed mainly of

heutrons 4, Aett behind (1 Hhe dense cpye as the
outer flayers Qx]olode Aad a Supey nova, Nowmu
Q vevy Nﬂk O\QHSI'*‘/. At Hua dehsi'{-y a Qohda"h'oya&u.eol
heutron deae.heYQ(‘A/;ih Which  the heutyons  cam not be

»Packed QWY move '\:iah'th/ ) Qbpears, The Pressure caused Ly
neutyon degenevacy bo)omees the gravitational Yerce Hhat
tends 4o cpllap ge the cove, As 0 rewt 4he Core
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YeaOnhea eq).xili]ov‘\um ab O heutron Stay,

© Typicedlly bheutvon Stays have vodiua 0% Qbout lo Km

Cll’c‘nouak (h moua they ayve wmpavable of sun *thesr
= {m matley, the size oy A4 simal) sugay
cube containg about  10% tons of weutvors. Neutron
‘m mars between 4:4 omd ~ BTWSM of Sum,

Be%on it CDMG}DSQA ) the core haa o»\l‘,q weak
magine e Held. Bur ad the cove collapiey, the mqgheb'c
Yeld concentrated, omd grows Strvongey oa a

veawk. By the +tme the core Shawrke to weutron
Stor Sige , 1t haa o ex)crelmol7« }oowEYtul mqghe{-\'c -{;«e)d

O 9!
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be a  votating heutron stav, They emit vadiation 4
w vau‘civdﬂ__g_vlall shob oh the Stay. T Si{—majn'oh,,
FYOducc,A am Uﬁed vathey like the beowmn O‘t a)ﬂakt ?

house, The distamt observer rectfves o pulse of vadiatiod
ay the beom sweeps AcCross & hia positon on '
eadn votatton of, the stay,

A bulsar qives off pulses of vadio waver, A
W [ cvab amd Vela pulsars) ove known pulsa,
Y-roys  X-vays ov visible lght. The periods of Rnowh “
pultavs vamge between 33 milliseconds amd 375 sehda,
Tuwlse tYQHOhS vaénae krom 2 +v abouwr 150 wuwlli seconds

0 ith nqey  perio N |

bulse djra{f‘;h. sals ““V"‘ﬂ o dongey
Trh 1974y Adse omd Tayar diacovered whot 4 called o
binavy pulsar Which consists of a bulsay amd Gompanion
stov [ believed to be amothey heutron stay ) votating like q
dumbbell . Thely ovbit iy abouk the size 0% the Sun and
toe beviod A abowk 2 howrs, Like o votating dumbbell
the  orbiting  binary system Shoold emit gravitationa) radiotiong
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J=hi \ 4 x— p& | dhi=o
L ™ :

O the vorviakionn B dh; aye indeperdent o4 eqch other,

e get
Yog | gi=he + &— B€l = o
hi
by e
e — &+ B &
h{ e
- = ~°<+Be\+i
ni
or, N = 91
c<tBE
hL —_ 8L.
—o €
e ef ey}

Ty equation vebyvesentc the mock
0y the partHclea  amon
System  obeying

U

Rnown an Fey

Probable diatribution
g Yoxvioua enevqy levels tora

Fermi — Divac  gtatictes amd 4a there fore
M- Dirac iatribution ,Q%J,

Feymi - Divac Qaa

- An %emb‘\«L 0% fevymions  (irea
0_~k hal4

4 know

An diating wisha ble lpar ticles
Ch‘l:eﬁYOuQ Spin O!oe_gihﬂv Paudi exclusion PY;hC'!}DTe)

h 02 Ffermi- Divac qoL.

ﬂC(_DYdj.h(ﬂ to

Fermi — Divae diutribubion law, the
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N = qu
\ (GES
e -+ 4
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While deqh'na with a continuous SyStem we vepbo\ce &
hi by w(e) amd ¢ by glE) because energy levels way be
Spaced s0 dnsel«, Mot thely duucrete nature hot )
obsevvable. $p 2
)
nle) = qLé) )
f_P)/kT 41 )
]
We Antvoduce the Fermwy —-distyibution fumction F£(€) M )
deﬁh&d\ by b
qle e(C* EF)/kr+i ?
D
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ek F),RT—M. | :

ok T=o0 K, at Temp T
+ (-E) = 4 ~{507 & Cceg ON\H D
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o] £ley 0
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¥ ]
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Fexmi Enerqy’ The value 0% Chenwucol potential at T=0K o
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ehevqy level 1a called the Fermi energy,(eg). ®
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Consider ¢ System 0f N -t—evvwiohs‘ enclsed th
v olim e V.

.’ The the

ho'o-k QMomtum o Latey o{q porticde Wi+
omd  badp 1y

L) dp = 9s Awb%o\f
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™M Omentuin , b
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= TR e
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SREYEN ges €
ond  ea+de da given by

FAERGE = 0d . 4 g de i — =4
h3
th
T el h of s ] with energy between
€ amd e+de 4
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\ W Permi ~Dirac fad
p3) giveh b\, :

\
B %ar W ey kg

&3
Nz J?S L»Trhg»v Jame de + (83 47T mV
0 €p 7 h3

VamE de- [p)




Ef Va .
e NZ S%S ammV Jam ¢ = d€
0

b3 -

>

3) 9

2 3 '

N = {Js amv Eﬁ?:a 2 Eg¢ = 4nv 83(?‘"9/2&?/1 D
h3 3 2 |3 )

)

2m 47 )

)

2 |

€. = h [ 3n ) /3] Where, )

am 41795 h= N = no-o} D

J v ievmong b

pey umit volume

— e _ >
> Peymi Tempevature: [Te)! 4 defired by the following D
yelation T = &g _ W P ;
ke  2mkg kémgg ;)

L we say. i:
€ =density o termi qgua= WN _ :

v f

““ Tp = ‘\2 ( 33 2/3 4 )
amPReg 4w33> ®

D
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diatvibution s Styomqly degehevdie | ‘g
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Maxwell-Boltzmann Statistics 13.41

S — Nk In2. It can be seen that entropy is also a function of E A reversible adiabatic

demagnetisation is an isentropic process, so that B remains constant. Thus, T decreases
as B decreases. r

1230)/1 W EA’A In the high temperature/low field limit, the entropy can be expressed

as S = ky In(2"). Explain the significance of the factor 2" in this expression.

13.6.1 Negative Temperatures

The concept of negative absolute temperature seems physically unacceptable. But we
will now show that it is possible in principle to realise a state where increase in energy
is accompanied by decrease in entropy. Such a state is said to correspond to a negative
temperature.

To appreciate the point, let us consider a freely moving molecule of a perfect gas or a
harmonic oscillator characterised by an infinite number of energy levels. As temperature
of such a system is increased, more molecules will gradually go to higher energy levels.
So the system becomes more energetic and greater disorder will prevail. We can therefore

say that the entropy associated with the ordinary translational and vibrational degrees of

freedom of a body increases without limit as energy increases. In such cases, the ratio (14

ds
will always be positive definite. We may therefore conclude that a system with infinite

energy levels always stays in positive temperature states.

Let us now again refer to the two-level system of magnetic dipoles with parallel and
anti-parallel spins. In an external magnetic field B, these levels have energies € = —zB and
& = +UgB, respectively . Suppose that the number of atoms whose moments are parallel
and anti-parallel to B are N| and N,, respectively. In the equilibrium state at a temperature
T, the average occupation numbers of these levels are given by

£
N, :ﬁexp ——
Z kg T

and

£
N, = ﬁexp — ==
V4 kyT
where N = N| + N, denotes the total number of atoms. On combining these expressions,
we can write

N &g —&
—L —exp| — (13.103)
N, kyT

On taking natural logarithm and rearranging terms, we can define temperature in terms of
the energies of the levels and their atomic occupancy as

1 € — &
T = (13.104a)
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13.42 Thermal Physics

Since &, > g, we note that T will be positive if N; > N,. This situation is depicted
schematically in Fig. 13.19a. The lengths of the vertical lines signify level of occupancy
of a state.

r

Nz Nl

&=—UgB &=UpB & =—-pB &= B
(a) (b)

Fig.13.19 (a) In thermal equilibrium, N; > N, and (b) Reversal of the direction of B leads
to population inversion, N, > N;.

Next we suddenly reverse the direction of magnetic field. The dipoles oriented parallel
to the field and having energy &, will be oriented anti-parallel to the field and have a higher
energy. But the dipoles originally anti-parallel to the field and having energy &, will now
be oriented parallel to the field and have a lower energy. (Eventually, of course, the dipoles
in the higher energy state will flip over to the new lower-energy state.) The situation
immediately after the reversal of the magnetic field is shown in Fig. 13.19b. Let the average

occupation numbers of the new lower and higher energy states be N,"and N,, respectively.
Then N,/=N, and N, > N,. This process is referred to as population inversion. The
temperature corresponding to the situation illustrated in Fig. 13.19b can be mathematically

represented by the relation
& —&
T/ =1 R (13.104b)

Since N, >N/, this state will correspond to negative T.

Now refer to Fig. 13.20a. It shows the variation of entropy with energy.

6

4

Temperature
(=}
S
o
<
B
e
(o))
=]
=]

N

EO E Emax -6
(a) (b)

Fig.13.20 (a) Plot of entropy as a function of internal energy for a two-level system: & = 0
and &, = €and (b) Plot of temperature as a function of internal energy.
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1. From Eq. (13.93a), we recall that for 7' = 0, the probability of occupancy P; will
be one; i.e., all the atoms will be in the energy state £ = 0: Ny =N and N, = 0. The
internal energy of the system will be zero. This is a state of minimum disorder and
corresponds to S = 0.

2. As T increases, the occupancy in the higher level begins to rise. As T — oo, the
probabilities of occupancy P, and P, will be one-half, i.e., both levels are equally

occupied: Ny =N, = %, and internal energy will be % This corresponds to state

of maximum disorder and hence maximum entropy. In the region 0 <U < %, the

derivatives of S with respect to U will be positive and we can define a positive
temperature.

3. If more atoms tend to occupy the higher energy state such that N, > N, we say
that population inversion has been attained. In the particular case, if N, = N, the
internal energy will be Ne. This corresponds to the state of minimum disorder and
zero entropy. Eq. (13.104a) then implies that 7" will be negative. That is, in the region
% < U < N¢g , the slope of entropy-energy curve is negative. This corresponds to the

state of negative temperature.

We can understand the concept of negative temperatures in yet another way. This is
illustrated in Fig. 13.20b, where we have plotted 7 versus U. Note that as energy increases

from zero, T increases from zero and reaches a maximum of e when [ = E As U is
infinitesimally greater than &, T abruptly changes to —o and when U = N¢, we say that

it gradually goes to —0 K. We thus arrive at a paradoxical result: a system at a negative

temperature is hotter than infinite absolute temperature! This means that —0 K is the hottest
temperature possible. However, note that the negative temperature is ‘not below absolute
zero’ but above infinite absolute temperature.

Experimental Demonstration of Negative Temperatures In paramagnetic
substances, the interactions between atomic magnetic moments (the unpaired electrons)
and the crystal lattice are very strong and it is not possible for a substance to exist in
the state of population inversion for appreciable time. However, in 1951, Pound, Purcell
and Ramsey established the existence of negative absolute temperature by using nuclear
magnetic resonance techniques. They observed that the nuclear magnetic moments of the
Li atoms in LiF interacted extremely slowly with the lattice and quite a long time, up to
several minutes, elapsed before they attained equilibrium with the lattice. As a result, the
system existed in the state of population inversion, i.e., the state of negative temperature,
for quite some time.

In 1917, Einstein had predicted that population inversion can occur due to transitions
between different energy states in an atom with finite number of energy levels when he
gave the theory of stimulated emission. It was realised in 1954 by C. H. Townes and his
co-workers for microwaves. But Maiman operated the first successful laser in 1960 using
a ruby crystal.



WIKIPEDIA
Planck units

In particle physics and physical cosmology, Planck units are a set of units of
measurement defined exclusively in terms of four universal physical constants, in such a
manner that these physical constants take on the numerical value of 1 when expressed in
terms of these units. Originally proposed in 1899 by German physicist Max Planck, these
units are a system of natural units because their definition is based on properties of
nature, more specifically the properties of free space, rather than a choice of prototype
object. They are relevant in research on unified theories such as quantum gravity.

The term Planck scale refers to quantities of space, time, energy and other units that are
similar in magnitude to corresponding Planck units. This region may be characterized by
particle energies of around 10'9 GeV, time intervals of around 10743 s and lengths of
around 10735 m (approximately the energy-equivalent of the Planck mass, the Planck
time and the Planck length, respectively). At the Planck scale, the predictions of the
Standard Model, quantum field theory and general relativity are not expected to apply,
and quantum effects of gravity are expected to dominate. The best-known example is
represented by the conditions in the first 10743 seconds of our universe after the Big
Bang, approximately 13.8 billion years ago.

The four universal constants that, by definition, have a numeric value 1 when expressed in
these units are:

the speed of light in vacuum, c,
the gravitational constant, G,
the reduced Planck constant, A,
the Boltzmann constant, kg.

Planck units do not incorporate an electromagnetic dimension. Some authors choose to
extend the system to electromagnetism by, for example, adding either the electric
constant g, or 4ste,, to this list. Similarly, authors choose to use variants of the system that

give other numeric values to one or more of the four constants above.
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Introduction

Any system of measurement may be assigned a mutually independent set of base
quantities and associated base units, from which all other quantities and units may be
derived. In the International System of Units, for example, the SI base quantities include
length with the associated unit of the metre. In the system of Planck units, a similar set of
base quantities and associated units may be selected, in terms of which other quantities
and coherent units may be expressed.[[2:1215 The Planck unit of length has become
known as the Planck length, and the Planck unit of time is known as the Planck time, but
this nomenclature has not been established as extending to all quantities.

All Planck units are derived from the dimensional universal physical constants that define
the system, and in a convention in which these units are omitted (i.e. treated as having
the dimensionless value 1), these constants are then eliminated from equations of physics
in which they appear. For example, Newton's law of universal gravitation,

F=Gm1m2 _ (FPI:%) mimy

2 2 2 !
r mgp T

can be expressed as:



F  \mp mp
lp

Both equations are dimensionally consistent and equally valid in any system of

quantities, but the second equation, with G absent, is relating only dimensionless

quantities since any ratio of two like-dimensioned quantities is a dimensionless quantity.

If, by a shorthand convention, it is understood that each physical quantity is the

corresponding ratio with a coherent Planck unit (or "expressed in Planck units"), the

ratios above may be expressed simply with the symbols of physical quantity, without
being scaled explicitly by their corresponding unit:

P onl
[ m)ml,
P2 ’

This last equation (without G) is valid with F’, m,’, m,’, and r’ being the dimensionless

ratio quantities corresponding to the standard quantities, written e.g. F’ = F or
F’ = F/Fp, but not as a direct equality of quantities. This may seem to be "setting the

constants ¢, G, etc., to 1" if the correspondence of the quantities is thought of as equality.
For this reason, Planck or other natural units should be employed with care. Referring to
"G = ¢ = 1", Paul S. Wesson wrote that, "Mathematically it is an acceptable trick which

saves labour. Physically it represents a loss of information and can lead to confusion."3!

History and definition

The concept of natural units was introduced in 1874, when George Johnstone Stoney,
noting that electric charge is quantized, derived units of length, time, and mass, now
named Stoney units in his honor. Stoney chose his units so that G, ¢, and the electron
charge e would be numerically equal to 1.14] In 1899, one year before the advent of
quantum theory, Max Planck introduced what became later known as the Planck
constant.[5][6] At the end of the paper, he proposed the base units that were later named
in his honor. The Planck units are based on the quantum of action, now usually known as
the Planck constant, which appeared in the Wien approximation for black-body radiation.
Planck underlined the universality of the new unit system, writing;:

. die Moglichkeit gegeben ist, Einheiten fiir Ldnge, Masse, Zeit und
Temperatur aufzustellen, welche, unabhdngig von speciellen Korpern oder
Substanzen, ihre Bedeutung fiir alle Zeiten und fiir alle, auch auferirdische
und auflermenschliche Culturen notwendig behalten und welche daher als
»natiirliche Mafeinheiten« bezeichnet werden konnen.

... it is possible to set up units for length, mass, time and temperature, which



are independent of special bodies or substances, necessarily retaining their
meaning for all times and for all civilizations, including extraterrestrial and
non-human ones, which can be called "natural units of measure".

Planck considered only the units based on the universal constants G, h, ¢, and kg to
arrive at natural units for length, time, mass, and temperature.[6] His definitions differ

from the modern ones by a factor of 4/2m, because the modern definitions use k rather
than h.[51(6]

Table 1: Modern values for Planck's original choice of quantities

Name Dimension Expression Value (SI units)
hG -35 (7]
Planck length length (L) lp = =3 1.616 255(18) x107™°° m
he -8 1 .n[8
Planck mass mass (M) mp = E 2.176 434(24) x10 kg[ ]
Planck time time (T) tp = — 5.391 247(60) x 107" s
c
hcb
Planck temperature | temperature (@) | Ip = o | 1-416784(16) x 1032 K[10]
B

Unlike the case with the International System of Units, there is no official entity that
establishes a definition of a Planck unit system. Some authors define the base Planck
units to be those of mass, length and time, regarding an additional unit for temperature to

be redundant.[20t¢ 1] Other tabulations add, in addition to a unit for temperature, a unit
for electric charge, so that the vacuum permittivity € is also normalized to 1.1121113] Some

of these tabulations also replace mass with energy when doing so0.[24] Depending on the
author's choice, this charge unit is given by

gp = \/Ameghc = 1.875546 x 107* C ~ 11.7e

or
gp = +/eohc ~ 5.290818 x 107° C ~ 3.3 e.

The Planck charge, as well as other electromagnetic units that can be defined like
resistance and magnetic flux, are more difficult to interpret than Planck's original units

and are used less frequently.[15]

In SI units, the values of ¢, h, e and kg are exact and the values of ¢, and G in SI units

respectively have relative uncertainties of 1.5 x 10719161 and 2.2 x 1075.17] Hence, the
uncertainties in the SI values of the Planck units derive almost entirely from uncertainty



in the SI value of G.

Derived units

In any system of measurement, units for many physical quantities can be derived from
base units. Table 2 offers a sample of derived Planck units, some of which are seldom
used. As with the base units, their use is mostly confined to theoretical physics because
most of them are too large or too small for empirical or practical use and there are large
uncertainties in their values.

Table 2: Coherent derived units of Planck units

Derived unit of Expression Approximate Sl equivalent
hG
area (L2) B=— 2.6121 x10779 m?2
c
KG\:  [(RG)
2
volume (L3) B = (—) = 4.2217 x107105 3
c c®
h hc3
momentum (LMT™!) | mpc= — = [ — 6.5249 kg-m/s
lp G
h hcd
energy (L2MT~2) Ep =mpc® = — =,/ — | 1.9561 x10%J
tp G
force (LMT~2) Fp="=_— =2 1.2103 x 10 N
lp lptp G
mp htp cd
density (L~2M) pp=—0=— == 5.1550 x 1096 kg/m?3
S K3 hG
acceleration (LT™2) | ap = £ o 5.5608 x 10°1 m/s?
tp hG

Some Planck units, such as of time and length, are many orders of magnitude too large or
too small to be of practical use, so that Planck units as a system are typically only relevant
to theoretical physics. In some cases, a Planck unit may suggest a limit to a range of a
physical quantity where present-day theories of physics apply.[!8] For example, our
understanding of the Big Bang does not extend to the Planck epoch, i.e., when the
universe was less than one Planck time old. Describing the universe during the Planck
epoch requires a theory of quantum gravity that would incorporate quantum effects into
general relativity. Such a theory does not yet exist.

Several quantities are not "extreme" in magnitude, such as the Planck mass, which is
about 22 micrograms: very large in comparison with subatomic particles, and within the
mass range of living organisms.[19):872 Gimilarly, the related units of energy and of



momentum are in the range of some everyday phenomena.

Significance

Planck units have little anthropocentric arbitrariness, but do still involve some arbitrary
choices in terms of the defining constants. Unlike the metre and second, which exist as
base units in the SI system for historical reasons, the Planck length and Planck time are
conceptually linked at a fundamental physical level. Consequently, natural units help
physicists to reframe questions. Frank Wilczek puts it succinctly:

We see that the question [posed] is not, "Why is gravity so feeble?" but rather,
"Why is the proton's mass so small?" For in natural (Planck) units, the
strength of gravity simply is what it is, a primary quantity, while the proton's
mass is the tiny number [1/(13 quintillion)].[2°]

While it is true that the electrostatic repulsive force between two protons (alone in free
space) greatly exceeds the gravitational attractive force between the same two protons,
this is not about the relative strengths of the two fundamental forces. From the point of
view of Planck units, this is comparing apples with oranges, because mass and electric
charge are incommensurable quantities. Rather, the disparity of magnitude of force is a
manifestation of the fact that the charge on the protons is approximately the unit charge
but the mass of the protons is far less than the unit mass.

Planck scale

In particle physics and physical cosmology, the Planck scale is an energy scale around
1.22 x 1019 GeV (the Planck energy, corresponding to the energy equivalent of the Planck
mass, is 2.176 45 x 10~8 kg) at which quantum effects of gravity become significant. At
this scale, present descriptions and theories of sub-atomic particle interactions in terms
of quantum field theory break down and become inadequate, due to the impact of the
apparent non-renormalizability of gravity within current theories.

Relationship to gravity

At the Planck length scale, the strength of gravity is expected to become comparable with
the other forces, and it has been theorized that all the fundamental forces are unified at
that scale, but the exact mechanism of this unification remains unknown.2] The Planck
scale is therefore the point at which the effects of quantum gravity can no longer be
ignored in other fundamental interactions, where current calculations and approaches
begin to break down, and a means to take account of its impact is necessary.[22] On these
grounds, it has been speculated that it may be an approximate lower limit at which a

black hole could be formed by collapse.[23!]



While physicists have a fairly good understanding of the other fundamental interactions
of forces on the quantum level, gravity is problematic, and cannot be integrated with
quantum mechanics at very high energies using the usual framework of quantum field
theory. At lesser energy levels it is usually ignored, while for energies approaching or
exceeding the Planck scale, a new theory of quantum gravity is necessary. Approaches to
this problem include string theory and M-theory, loop quantum gravity, noncommutative
geometry, and causal set theory.

In cosmology

In Big Bang cosmology, the Planck epoch or Planck era is the earliest stage of the Big
Bang, before the time passed was equal to the Planck time, tp, or approximately 10743

seconds.[24] There is no currently available physical theory to describe such short times,
and it is not clear in what sense the concept of time is meaningful for values smaller than
the Planck time. It is generally assumed that quantum effects of gravity dominate physical
interactions at this time scale. At this scale, the unified force of the Standard Model is
assumed to be unified with gravitation. Immeasurably hot and dense, the state of the
Planck epoch was succeeded by the grand unification epoch, where gravitation is
separated from the unified force of the Standard Model, in turn followed by the

inflationary epoch, which ended after about 10732 seconds (or about 10! tP).[25]
Table 3 lists properties of the observable universe today expressed in Planck units.[26127]

Table 3: Today's universe in Planck units

Property of Approximate
present-day observable number Equivalents
universe of Planck units
Age 8.08 x 1090 t5 4.35x 10" s or 1.38 x 10'0 years
Diameter 5.4 x 1081 Jp 8.7 x 1026 m or 9.2 x 1010 light-years
3 x 1092 kg or 1.5 x 1022 solar masses (only
ting stars)
M approx. 1090 m coun
ass PP P 1080 protons (sometimes known as the Eddington
number)
_ 1.8 x 107123 - _
Density eI~ 9.9 x 10727 kg-m™3
2725 K
Temperature 1.9 x 10732 Tp temperature of the cosmic microwave background
radiation
Cosmological constant ~ 107122 |52 ~ 10792 m=2

Hubble constant ~ 10761 45 ~ 10718 51 = 102 (km/s)/Mpc



After the measurement of the cosmological constant (A) in 1998, estimated at 107122 in

Planck units, it was noted that this is suggestively close to the reciprocal of the age of the
universe (T) squared. Barrow and Shaw proposed a modified theory in which A is a field

evolving in such a way that its value remains A ~ T2 throughout the history of the
universe.[28]

Analysis of the units

Planck length

The Planck length, denoted £p, is a unit of length defined as:

o @

c3

It is equal to 1.616 255(18) x 10735 m,[7] where the two digits enclosed by parentheses are
the estimated standard error associated with the reported numerical value, or about

10729 times the diameter of a proton.[29] It can be motivated in various ways, such as
considering a particle whose reduced Compton wavelength is comparable to its

Schwarzschild radius,[29130131]  though whether those concepts are in fact
simultaneously applicable is open to debate.[32] (The same heuristic argument
simultaneously motivates the Planck mass.[30])

The Planck length is a distance scale of interest in speculations about quantum gravity.
The Bekenstein—Hawking entropy of a black hole is one-fourth the area of its event

horizon in units of Planck length squared.[!2]:370 Since the 1950s, it has been conjectured
that quantum fluctuations of the spacetime metric might make the familiar notion of

distance inapplicable below the Planck length.[331[341[35] This is sometimes expressed by

saying that "spacetime becomes a foam at the Planck scale".[30] It is possible that the
Planck length is the shortest physically measurable distance, since any attempt to
investigate the possible existence of shorter distances, by performing higher-energy
collisions, would result in black hole production. Higher-energy collisions, rather than

splitting matter into finer pieces, would simply produce bigger black holes.[37]

The strings of string theory are modeled to be on the order of the Planck length.[381139] 1y
theories with large extra dimensions, the Planck length calculated from the observed

value of G can be smaller than the true, fundamental Planck length.[111:61[40]

Planck time



The Planck time 7p is the time required for light to travel a distance of 1 Planck length in
vacuum, which is a time interval of approximately 5.39 x 10744 s. No current physical
theory can describe timescales shorter than the Planck time, such as the earliest events
after the Big Bang.[24] Some conjecture that the structure of time need not remain smooth
on intervals comparable to the Planck time.[41]

Planck energy

Most Planck units are extremely small, as in the case of Planck length or Planck time, or
extremely large, as in the case of Planck temperature or Planck density. For comparison,
the Planck energy Ep is approximately equal to the energy released in the combustion of
the fuel in an automobile fuel tank (57.2 L at 34.2 MJ/L of chemical energy). The ultra-
high-energy cosmic ray observed in 1991 had a measured energy of about 50 J, equivalent
to about 2.5 x 10~8 Ep.[42]143]

Proposals for theories of doubly special relativity posit that, in addition to the speed of
light, an energy scale is also invariant for all inertial observers. Typically, this energy scale

is chosen to be the Planck energy.[441[45]

Planck unit of force

The Planck unit of force may be thought of as the derived unit of force in the Planck
system if the Planck units of time, length, and mass are considered to be base units.
mpc C4 44
Fp = = — ~ 1.2103 x 10* N
tp G

It is the gravitational attractive force of two bodies of 1 Planck mass each that are held 1
Planck length apart. One convention for the Planck charge is to choose it so that the
electrostatic repulsion of two objects with Planck charge and mass that are held 1 Planck

length apart balances the Newtonian attraction between them.[46]

Some authors have argued that the Planck force is on the order of the maximum force

that can occur between two bodies.[471148] However, the validity of these conjectures has
been disputed.[49](50]

Planck temperature

The Planck temperature Tp is 1.416 784(16) x 1032 K.[10] At this temperature, the
wavelength of light emitted by thermal radiation reaches the Planck length. There are no
known physical models able to describe temperatures greater than Tp; a quantum theory

of gravity would be required to model the extreme energies attained.[5] Hypothetically, a
system in thermal equilibrium at the Planck temperature might contain Planck-scale



black holes, constantly being formed from thermal radiation and decaying via Hawking
evaporation. Adding energy to such a system might decrease its temperature by creating
larger black holes, whose Hawking temperature is lower.[52]

Nondimensionalized equations

Physical quantities that have different dimensions (such as time and length) cannot be
equated even if they are numerically equal (e.g., 1 second is not the same as 1 metre). In
theoretical physics, however, this scruple may be set aside, by a process called
nondimensionalization. The effective result is that many fundamental equations of
physics, which often include some of the constants used to define Planck units, become
equations where these constants are replaced by a 1.

Examples include the energy—momentum relation E? = (mc®)? 4 (pc)?, which
becomes E? = m? + p?, and the Dirac equation (¢hy* 8, — mc)yp = 0, which becomes
(iv*0, —m)yp = 0.

Alternative choices of normalization

As already stated above, Planck units are derived by "normalizing" the numerical values
of certain fundamental constants to 1. These normalizations are neither the only ones
possible nor necessarily the best. Moreover, the choice of what factors to normalize,
among the factors appearing in the fundamental equations of physics, is not evident, and
the values of the Planck units are sensitive to this choice.

The factor 47 is ubiquitous in theoretical physics because in three-dimensional space, the
surface area of a sphere of radius r is 47r2. This, along with the concept of flux, are the
basis for the inverse-square law, Gauss's law, and the divergence operator applied to flux
density. For example, gravitational and electrostatic fields produced by point objects have
spherical symmetry, and so the electric flux through a sphere of radius r around a point
charge will be distributed uniformly over that sphere. From this, it follows that a factor of
4mr2 will appear in the denominator of Coulomb's law in rationalized form.[26):214-15
(Both the numerical factor and the power of the dependence on r would change if space
were higher-dimensional; the correct expressions can be deduced from the geometry of
higher-dimensional spheres.[11]:51) Likewise for Newton's law of universal gravitation: a
factor of 4z naturally appears in Poisson's equation when relating the gravitational
potential to the distribution of matter.[11]1:56

Hence a substantial body of physical theory developed since Planck's 1899 paper suggests
normalizing not G but 47G (or 87G) to 1. Doing so would introduce a factor of fn (or é)

into the nondimensionalized form of the law of universal gravitation, consistent with the
modern rationalized formulation of Coulomb's law in terms of the vacuum permittivity.

In fact, alternative normalizations frequently preserve the factor of 4%[ in the

nondimensionalized form of Coulomb's law as well, so that the nondimensionalized



Maxwell's equations for electromagnetism and gravitoelectromagnetism both take the
same form as those for electromagnetism in SI, which do not have any factors of 4.
When this is applied to electromagnetic constants, e,, this unit system is called

"rationalized". When applied additionally to gravitation and Planck units, these are
called rationalized Planck unitsl53] and are seen in high-energy physics.[54]

The rationalized Planck units are defined sothat ¢ = 4nG = h=¢9 = kg = 1.

There are several possible alternative normalizations.

Gravitational constant

In 1899, Newton's law of universal gravitation was still seen as exact, rather than as a
convenient approximation holding for "small" velocities and masses (the approximate
nature of Newton's law was shown following the development of general relativity in
1915). Hence Planck normalized to 1 the gravitational constant G in Newton's law. In
theories emerging after 1899, G nearly always appears in formulae multiplied by 47 or a
small integer multiple thereof. Hence, a choice to be made when designing a system of
natural units is which, if any, instances of 47 appearing in the equations of physics are to
be eliminated via the normalization.

» Normalizing 47 G to 1 (and therefore setting G = ﬁ):

= Gauss's law for gravity becomes @4 = —M (rather than @4 = —47M in Planck units).

= Eliminates 47 G from the Poisson equation.

= Eliminates 47 G in the gravitoelectromagnetic (GEM) equations, which hold in
weak gravitational fields or locally flat spacetime. These equations have the same
form as Maxwell's equations (and the Lorentz force equation) of

electromagnetism, with mass density replacing charge density, and with 471[—6
replacing &g.
= Normalizes the characteristic impedance Zg of gravitational radiation in free space

to 1 (normally expressed as @).[”Ote 2]

= Eliminates 47G from the Bekenstein—Hawking formula (for the entropy of a black
hole in terms of its mass mgy and the area of its event horizon Agy) which is
simplified to Sgy = TAgH = (Mg)>.

» Setting 87G = 1 (and therefore setting G = é[). This would eliminate 87 G from the

Einstein field equations, Einstein—Hilbert action, and the Friedmann equations, for
gravitation. Planck units modified so that 87G = 1 are known as reduced Planck units,
because the Planck mass is divided by V8. Also, the Bekenstein—Hawking formula
for the entropy of a black hole simplifies to Sgyy = (mgy)?/2 = 2 Agy.
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A block of mass m is sliding on a wedge of mass M as shown in the figure

below. The wedge can slide on the horizontal table. Find the equation of

motion. 15

freedom. Can it be applied to non-holonomic systems?

(] ve Euler-Lagrange equations of motion from Hamilton’s principle for any
ilateral holonomic system having no non-potential forces and n degree of
15

article of mass m rests on a smooth plane. The plane is then raised to
n inclination angle 0 at a constant rate o (6 = 0 at t = 0), causing the
particle £6 move down the plane, as shown in the figure below.

0

Write down the Lagrangian and determine the equations of motion.

Solve the resulting equation for “r” to obtain the expression for r(t). 20

‘Construct the Hamiltonian of a charged particle with charge g and mass m
- pe
moving with the velocity 7 in the external electromagnetic field, E = Eg1,

B =BOI;, where E, and B, are constants.

A particle of mass m is constrained to move on a plane curve xy = ¢ with ¢>0,
under gravity, where y-axis is vertical. Construct the Lagrangian of the system

and obtain the Euler-Lagrange equation of motion. 10

@n special theory of relativity, the Hamiltonian of a free particle with rest mass

mq is given by ‘} p2c2 +mgc4. Obtain the Lagrangian of the system using
Legendre transformation.

10

(a A bead slides on a wire in the shape of a cycloid described by the
equations
x=a(0—sin 0)
y=a(l+cos0) with 0<6<2n.

Find the Lagrangian and equation of motion.

@ Show that the relativistic invariance laws of conservation of momentum
lead to the concepts of variation of mass with velocity and mass energy

equivalence.

Question

A particle of mass m rests on a smooth plane. The plane is raised to an
incline ¢ at a constant rate a (¢ = 0 at t = 0), causing the particle to
move down the plane. Express the Lagrangain in polar coordinates of the
particle in a coordinate system whose origin is at the foot of the plane. Hence
determine the motion of the particle.

Answer

N
/ rsing o=at
03

(6]

. [ .
L=K.E.—PE. = -m(i* — r*$*) — mgrsinat

AOLY 0L T
a\ar ar =i —a’r=—gsinat

This has solution r(t) = Ae® + Be ' + i) sinat
Initially 7(0) = ro, #(0) =

1

Thus 7(t) = =

hus 7(t) 3

0 whence we can find A and B
o — 9| eot 1[, L] oty 9
0~ 52 er + 3 To + 502 e + 202 sinat

Xy = C
}%:3
&
L=T-v
T‘:{m(»«ﬁ’ﬂ"U
’Kvﬁ - {‘“«iﬂ(f)*ﬂ
,{m(g.:ﬂ)g
V=l
Lo yi () ="
L
A0

d I

(e |- |-t
it ] [+ [0
() TEmek e




(\/ State and prove Hamilton’s principle and use it to prove that the
shortest distance between two points in space is a straight line

joining them.
11)  Use Hamiltonian mechanics to find the differential equation for

planetary motion, moving under force f(r) = =
2

and prove that

the areal velocity is constant. 8+7=15

(/%hat are cyclic coordinates for a system of particles ? Discuss the significance
of the Hamilton’s principle. 5#8

ow how Lagrange’s equations can be derived from Hamilton’s principle. 15

The Lagrangian for a particle has the form
L =%m(§c2 + 9% -Ulr)

Obtain its form in plane polar coordinates and then get expression for the
Hamiltonian using appropriate transformation.

Obtain the equation of motion of a simple pendulum using Lagrangian
rmalism. Hence, obtain expression for the angular frequency of a simple
harmonic oscillator. 15

Q. 1(a) Using the concept of|D'Alembert’s principle, show that the generalized force can be
defined as '

2

Qi Z i i
| : _

where T, is the Cartesi:an coordinate of the i*" particle experiencing external force F; and
q stands for the generalized coordinate. Discuss the significance of the above expression.
8

P - . e . e wal

!(a) State Hamilton’s princ’iplc for a system of particles. If I and L represent the action integral
and the Lagrangian function, respectively, write down the mathematical form of Hamilton’s
principle and explain (clearly the significance of the same. 15

(a) Express Lagrange’s equation of motion for the

cyclic coordinate q. and show that the result leads
to the general conservation theorem for the
generalized momentum coordinates.

(a) Starting with Newton’s second law of motion,

establish D’Alembert’s principle and discuss its
significance. . 8

(b) Using D’Alembert’s principle, show that the

(c)

following relation can be obtained for a system
of particles under generalized coordinates

Y E85=) Q;dq;
™, j

= O
with Q;= ) F-—-.
. g -
What is the significance of Q, ? 16

State Hamilton’s principle for the motion of a
monogenic system.

Use the calculus of variation to deduce
Lagrange’s equation that follows from Hamilton’s

principle. Explain carefully all the terms used in
the derivation. 16

.
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The result can easily be generalized to the case where s a function of many independent variables y,
and their derivatives y',. However, y, and y'; are function of x. Then

8= SL’f(y,,yz.--,y..--.y.,y’. Yy YoV X) dx=0 -(12)
)

leads to the Euler-Lagrange equations

il

= \|=0

o, -
where, k= 1,2, .

Itis to be pomtcd out that i in most of the problems the stationary value of the integral is seen to be a
but i
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Hamilton’s principle and Lagrange’s equations : If we identify the Lagrangian to
L =L (g}, Gyreollys G1rG2rerr 1) - (14)
to the function

S=S O VgV ¥y Yo 2 X)
with the transformations

XY 4 Yy ks
then the integral /- S defines the action integral

s=["La
., ..{15)
This integral is known as Hamilton’s principal function.
The variation
85 =8{Lar=0 (16)

corresponding to eq. (12) means that the motion of the system from time t = t totimet=t, is such that
the line integral (15) has a stationary value for the correct path of the motion. This is what is known as
Hamilton’s principle. The necessary condition for the Hamilton’s principle (85 = 0) is given by Lagrange’s
equations of motion in place of Euler-Lagrange’s equations, i.e.,

1(&]_6_14 -
di\ 04, ) g, -7
where g, are the generalized cooxduum

These di are indep ponding to the ind les y, and hence the

constraints art holonomic.

5.2.THE CALCULUS OF VARIATIONS AND EULER-LAGRANGE'S EQUATIONS
Let us have a function f ( y, y', x) defined on a curve given by

y=y@® , | (1)

between two points A (x,, y;) and B (x,, y,). Here, y’ = dyldx. We are interested in finding a particular
curve y (x) for which the line integral { of the function f between the two points

has a stationary value.

Suppose that APB be the curve for which 7 is stationary.
Now, consider a neighbouring curve AP'B with the same end
points A and B. The point P (x, y) of the curve APB corresponds
to the point P’ (x, y+dy) of the curve AP'B, keeping x-
coordinate of the points fixed. This defines a S-variation of
the curve. The variation is arbitrary but small and may be
expressed as

where o is a parameter (mdependem of x) common to all

I= I' S, ' x)dx )

A

Sy = 4 &z n(x) da .(3) (x, %) %y(X)

points of the path and 1)(x) is a function of x with the condition ¢ : X

that

dy, =8, =n(x)=nk)=0 ..(4

X

Fig. 5.1 : §-variation

By choosing different 1)(x), we may construct different varied paths.
The corresponding variation in y’ is

&' =n(x) da A9
Variational Priniciples 139
Now, the integral on the varied path is

r= f Sly+8y, y'+ 8y, x)dx

Y ' o dx | By

X
or =1ty +nda, y'ent o i : 6)
Since the variation is small, the integral /' may be obtained by considering only first order terms in the
Taylor expansion of the function fi.e.,
I'= I Sy x)*f%n&w Z n'8a] dx A7)
(Y LY
= _1=bx dx

Hence S=r-1 Ll ( 6y by ] .(8)

| X2 x
But Y =Ty -J”i[g_)ndx

X

or

Therefore,

1 1 ndx= _J.:‘ i[l]q dx [as T](XI) = n(xz) =0)

x oy’ dx\ 3y’

o = saj"[%-%(g)}ndx | -9)

The condition that the integral / is stationary means that 8/ = 0, i.e.,

] d .
[ [%—;(%]]w -0 (10)

As 7 is arbitrary, the integrand of (10) must be zero, i.e.,

i-i[afJ=o’ (1)

o dx\®y

which i< known ac Fuler-Laoranoe eauation.




6.2. LEGENDRETRANSFORMATIONS

This is a mathematical technique used to change the basis from one set of coordinates to another. If
f(x, y)is a function of two variables x and y; then the differential of this function can be written as

F . o
| (([=—a£¢x+édy or df =udc+vdy | )
where u=0fox and v=0f/dy | 6)

Now, we want to change the basis frqm (x,-y) to (u, v) so that u is now an independent variable and x
is a dependent one. Let /' be a function of u and y such that

f'=f-ux : . ' ~.(7)
. Then, df '=df - u dx—x du ' ‘
Substituting for df from (5), we get
df'=udx+vdy-uds—xdu

164 . - Classical Mechanics
or df'=vdy-xdu , a (8)
But f'is a function of u and y, therefore SR

df'— I du+af dy -.(9)
Coxﬁparing egs. (8) and (9), we get_
x=-i and v=i - ~...(10)
Ou oy ,

" These are the necessarv relations for Leoendre transformations.

<H = mcﬁ
3; &ltv&)
& - %dkk%ﬂo‘t

Now 4o ”\waL
jyom (« H"(&%t])

*|; 1‘”’“-«\&«
af' 4 s

= u&* ""3 ~dy

R e

The Lagrange bracket of two dynamical variables F (g,, p,) and G (g, p,) is defined as

oq, 0O op, O
{F } Z q pk Pk 94k
oF 0G OF 0G

H W g o e ood)

.(28)
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Integrating it furtir, we
nitially at £ = the disfanc of the stolg from the earth xN.4. ThisNsives A = C', and heee
A
X=->gNt h

Finally\when at ¢ =T, the Sgne touchdy the gfoun = (. Therefort

h-1gTN 0 or N\[=2h7¢ N\ 3
Now ﬂ ~20-Ngs ¢ or ﬂ:"zm t ¢
’ | dr? dt it g.
Integrating it, we get | ‘ _ _
d , Nt | '
_d)ti— gl cos ¢ and hedge y = t <os ¢ . . - (24

, The constant§\of integyation in (2{) have been taken zeN, becausWinitially the stone no di¥placement
~ and velocity in the {-directi\n is zero. § ' ' ‘

inally, at ¢ QT, die maxi horizo l.displacemeht will'§e given?
,Y=Qg cos ¢ \ . 9)
3 » .
Subgtituting thegalue oR7 from eq\(23), we gyt
M [2:T N\ g 1" o | - .
= > — (D =|— .
G\ or 0g "'“ @ cos ¢ -(26)
a fredly Rlling body at [2itNe ¢ is displaced horizontally due east by Cori8is Sorce by an amount A

given bgg. (26).M U equator the & ly deflection is obtained to be
N e |
=1 3
[gg} P o -(27)

11.6. FOUCAULT’S PENDULUM

Experimentally the fact, that the earth rotates about its axis and
the frame attached to it is a noninertial frame, is demonstrated by the
Foucault’s pendulum. The related expenment was first performed by
Foucault in 1851.

In Foucault’s pendulum, a very heavy bob is suspended by means
of a long strong wire similar to a simple pendulum. Thus if it is once
vibrated, it vibrates for considerably large time with a large period
(=17 sec). Foucault took in his expe'mment a bob of 28 kg mass and a
wire of 70 metres long. The upper end of the wire is attached to a
rigid support in such a ‘way that the pendulum may v1brate with equal
freedom in any direction; : :

When Foucault’s pendulum is oscillated i ‘in. the northem hemi-
sphere of the earth, its plane of oscﬂlatlon rotates from east to west.  Fig.11.7 : Foucault's pendulum -




B} : 328 L _ - o - ' o _‘- __ - __3'Cl:q‘s'sica_l Méc—hqnics ;

(or clockwrse as seen from above). It is not possrble that the- pornt of support rmght have turned the plane of
vibration. The only possrbrllty is this that the floor, i.e., the. earth under the pendulum is rotatmg If such a

o Lo pendulum is imagined to vibrate at the north pole of the earth its plane of oscillation will remain fixed in an

‘imertial frame or solar frame of reference.. However, the earth under the pendulum is. rotating once every 24
hours, therefore an observer on the earth will see that the plane of oscrllatlon is turning from east to west, -

' fopposrte to the earth’s rotation. At any other latitude. ¢, the ‘angular Veloc1ty ® can be resolved into two

. components : . vertical component o sin ¢ and horizontal component ‘@ cos ¢ in the north-south direction.
Obviously the later component will not have any perceptlble effect on the pendulum. The vertrcal component -

will make the plane of oscillation to rotate ‘with an angular velocrty ®sin ¢ Thus the tlme of one rotation of the
~ plane of oscrllatlon will be given by ' - :

P .28)
_ 0] s1n¢ o
The earth rotates once in 24 hours wrth an angular velocrty o, hence
ﬂ_ 24 hours” oy
: o 24 -hours =— or T_—- = -{29)
7= : 0 sing

The rotatlon of the plane of oscrllatron will be clockwrse in the northern hermsphere and opposite to it in
. the southem hemlsphere Actually, this rotation, as seen by the observer on the earth, is due to Coriolis force.
When the pendulum moves along a horizontal line, the Coriolis force-acts in the perpendicular direction to its
- velocity and hence-the plane of oscillation tirns. Thus, the rotation of the plane of oscdlatton of Foucault’

~ pendulum demonstrates the fact that the eaith rotates about. ‘its.axis.

Ex. 1. 4 bullet is fired horizontally in the north direction with @ veloczty of 500 m/sec. at 30° N latitude.

‘Calculate the horizontal component of Coriolis acceleration and the consequent deﬂectzon of the bullet as it
 hits a target 250 metres away. Also determine the vertzcal displacement of the bullet due to gravity. If the
" mass of the bullet is 10 gm. find the Coriolis force. - - ' (Ajmer 198,8)

Solution : If X-axis is taken vertlcally, Z-axis towards north and Y-axis along east, then the velocity of the

* bullet is v = 500 km/sec. and angular velocity @ = (l)‘(lA(co_s 30° +1sin 30° ), because the angular Yelocity
vector @ of the earth is directed pa-rall-el to its axis and is inclined at 30° to the horizontal.

" _ 2n L ) : " ®
T, O 60x 60 7.2x107° radsec N ' X

Hence Corlohs acceleration :
¢ Y
=2@Xy= 2w(kcos 300+1 sin 30°) x SOOk

——2 x 7.2 % 10° X 500 x = .I 0. 036 m/sec towards west.

Tim of'ourne t 250 . 1o o
e = —== —gec.-
ne of ’ Yt 50 _250_

Deflection of the bullet due to the Coriolis aeeeleration .

;'rlai?;L.*xOD36’<( ) "45><10‘3 mo\o

Vertical drsplacement of the bullet due to the gravrty

.r;|2gt -—-—X98X( ) .'—'1'.23'_m..

Coiisforce ~ =—2moxy |  Fig.118
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¢ p—

Since sin?0 =1 - cos?0= (1~ cos B)(1 + cos 6),

V(@)ﬁl;oo3 l:l cos 6 +3. cos e]
For minima in V- 6 curve,

av _ Pol | sin® +(1—cos(9)sm6_7Lsine -0
d9 2, |1+cos®  (1+cosB)?

[ 1 (1-cos 6) | B
in6] - +— -—Asinf | =0 - ..(147
or ' - [1+cos9 (1+cos 0)2 " _ ( ‘ )

which gives sinf = 0 or 6=0 i.e., there can be minima at 8= 0. Further for minima at 6 =0,

) : , _
d_V >( or |cos© 1 (1 cose) -A;{ >0
1 482 o 1 [1tcosb (1+cosB) oo

or -;——Xi-O or %>l : .(148)
- Thus at 8=, (or top with its symmetry axis vertical), the spinning motion is stable for
1 1 20 Mgl -
37 >A or-l- le
O

which is valid for large w, or rapldly spinning top. In other words for vertical spmnmg top,

The minimum spin angular frequency of the top below which the top cannot spin stably about vertical
“axis is when 0=0 . given by ' _

’ ’ ' 12
I, Mgl 4L Mgl |
o? =Ml orwm.m:[‘—g] ' -(150)

S Iy

Thus if initially @, > @_., a top with its axis vertical will spin continuously and this is why it is called a .

‘sleeping top. This @ . isthe critical angular velocity, above which vertical motion of the top is possible. The

expressmn (150) is 1dent1ca1 with eq. (119) for the minimum frequency for uniform precession with 6,= 0.In
practice, friction gradually reduces the spin frequency (@,) and when it is below the critical angular velocny

'{a)mm) then precession combined with nutation will be mtroduced Further reduction of energy will finally

cause the top fall down.

10 17. GYROSCOPE

. Agyroscope is a heavy symmetrical body (top) in the form of a heavy disc or flywhéel, rotating at a very
%htgh speed about its axle (figure axis). It is mounted in ‘gimbals so that the disc and axle are both free to
turn as a whole about one or more special axes, keeping the centre of gravity of the nioving system to be
Stationary.

. A gyroscope is illustrated in fig. 10.21. A disc D, havmg its axle AB mounted in gimbals, is given a spin
Ldngular velocity . If the outer gimbal is turned through an angle, the spin axis of the disc will tend to point
in the same direction as prev10usly [fig. 10.21 (b)]. This is in accordance with the principle of conservation
Df angular momentum (J=In= constant) If we move the. gyroscope a{ound the room, we will see that AB

1
l



direction. Other practical applications are found in missiles,
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always points in the same direction. We have assumed of course that the friction in gimbal bearings is negligible.
Let the gyro-axis AB be horizontal and parallel to east west direction. We shall observe that the axis 4B gradually
inclines itself relative to the horizontal and after six hours it becomes vertical. This apparent rotation of the
gyro-axis AB is due to the rotatiori of the earth. As the apparatus moves, the gyro-axis AB remains fixed in
space.

(2) ,

In general, the direction of the spin axis of the gyroscope
remains fixed even when the outer gimbal, which is attached to
some object, moves freely in space. Due to this property, a
gyroscope finds many applications in devices where we want
to maintain the direction. Gyro-compass, working on this
principle, is used in ships, aeroplanes and submarines to find

| Reaction

satellites or other moving vehicles.

Effect of externsl torque on gyroscope : If external torque is
suitably applied on the gyroscope, it will undergo the precession
and nutation motions, as described earlier. For rapid motion of
the disc, the condition of the fast top is satisfied so that the
amplitude of nutation is always very small and is damped out by
the method of mounting (friction). Then only precession is ,
observed in the gyroscope and in such a case the mathematical Fig. 10.22 : Preceésion.under
treatment becomes relatively much simpler. This-generalization gravitational torque.
can be done by considering the case of heavy symmetrical top. '

If /is the position vector along the figure axis-from the fixed point O to the centre of graVity [Fig. 10.22], then the

gravitational torque 7 acting on the top is -

T=1xMg - | L(151)F
where g is the acceleration due to gravity in the downward direction and the magnitude of the torque st
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Mgl sin 6. If J, is the angular momentum vector along the figure axis (J,= /,0,) and @, the precession vector,
along the vertical, then the sense and magnitude of precession is given by ’ ‘

@ X J,=1 .(152 a)
or @ X J,=1x Mg
o; pr3 sin 6=/ Mg sin 8

o =edm L S
or v . p J3 13(03 ) (152 b)

- which is the same expression, as deduced earlier for the mean precession frequency. In the present discussion,
1 is perpendicular to J,, hence J, will remain constant in magnitude similar to speed remains constant in
-~ circular motion under the action of centripetal force. From (152) we see that the precession rate is proportional
- to the torque. However, in case of a non-spinning body, it is the angular acceleration which is proportional to
. the torque. _

Now any torque about the fixed point or centre of mass can be put in the form r x F similar to €q. (151),

' the resulting precession rate for a fast spinning gyroscope can always be derived from eq. (152). In almost all
- the technological applications of the gyroscope, its equilibrium behaviour can be deduced fromeq. (152), ie.,

©xJ =rxF (153)

If a gyroscope is free from external torques, the spin axis of the gyroscope will always maintain its
original direction relative to an inertial frame and we have described this behaviour in the beginning of this

- article. As shown by eq. (152), through the precession phenomena, the gyroscope can sense the applied
- torques, because in absence of the external torque, a gyroscope stops precessing.

Ex. 1. Two point masses, each of mass m, are connected by a massless rigid rod of length 2a, forming a

| dumbbell. This dumbbell is rotating with constant angular velocity ® about an axis which makes an angle 0
. with the rod. Find the magnitudes and the directions of the angular momentum and the torque, applied to the
. system. How are the results affected, if an identical dumbbell is symmetrically fixed with the first dumbbell
. and the system is rotated with an angular velocity @ about the same axis.

Solution : Let the dumbbell [Fig. 10.23] rotate with an angular velocity @ about the axis AOB in an

- inertial coordinate system. The angular momentum J of the two masses is

G+tI Mo

Fig. 10.23



Special Theory of Relativity-
Lorentz Transformatlons

CHAPTER

12.1. INTRODUCTION

In Chapter 1, we discussed the concept of space and time and gave the idea of inertial frames. An
inertial frame is an unaccelerated coordinate system. In such a frame, if force is not acting on a particle, it
will remain either at rest or will move with the constant velocity, i.e., the law of incrtia (Newton’s first law)
holds true. We have also shown that a frame, moving with constant velocity relative to an inertial frame is
also inertial one. :

In Newtonian mechanics, space and time are completely separable and the 'tfansfon‘natioﬁs connecting
the space-time coordinates of a patticle are the Galilean transformations. These transformations are valid as

far as Newton’s laws are concerned, but fail in the field of eléctrodynamics. Principle of relativity, when o

applied to the electromagnetic phenomena, asserts that the speed of light in vacuum is a constant of nature.
This starement has been confirmed by several experiments and led Einstein to formulate the speéial theory
of relativity. In view of this theory, space and time are not independent of each other and the correct
transformation equations are Lorentz transformations. In this chapter, first we discuss the Galilean
transformations and their failures and then we deduce the Lorentz transformations. Finally, we discuss the
consequences of Lorentz transformations, namely length contraction, time dilation, simultaneity, velocity
addition etc.

12.2. GALILEAN TRANSFORMATIONS

‘At any instant, the coordinates of a point or particle in space will be different in different coordinate
systems. The equations which provide the relationship between the coordmatcs of two reference systems
are called transformation equations.

In Chapter 1, we have shown that a frame S which is moving with constant velocity v relative to an
inertial frame S, is itself inertial.

. - SI'- P (x' ',V, Zr t)
s | @y, 20
r » x'=x-vt
C Y=y '
r. Z'=z
t'=t
X v
o — vt — 0 v—> o
Z / -
A .

Fig. 12.1 : Representation of Galilean transformations
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For convenience, if we assume (i) that the origins of the two frames. c01nc1de at t = 0, (7i) that the
coordinate axes of the second frame are parallel to that of the first and (iii) that the velocity of the second
frame relative to the first is v along X- -axis, then the position vectors of a particle at any instant ¢ in the two
frames are related by the equation :

r'=sr-vt v (1)

In the component form, the coordinates are related by the equations ’

x'=x-vt; y =y; z'=z : ' - (2)

Eq. (1) or (2) expresses the transformation of coordmates from one 1nert1a1 frame to another and they

are referred as Galilean transformations.

The form of eq. (1) or (2) depends, of course, on the relative motion of two frames of reference, but it
also depends upon certain assumptions regarding the nature of time and space. It is assumed that the time
t is independent of any particular frame of reference i.e., if ¢ and ¢’ be the times recorded by the observers
O and O’ of an event occurring at P, then ¢’ = t. If we add the equatlon t' = t, then the Galilean
transformation equatwns are expressed as

x'=x-—vt; y'=y; 2=z t'=t ' h o ..(3)

We can also consider that frame S is moving with velocity — v along the negative X-axis with respect
to S’ frame. Then the transformation equations from frame S’ to S are
' x=x"tvty=y" z=z't=¢ (3)

These are known as inverse Galilean transformations.

The other assumption, regarding the nature of the spaée, is that the distance between two points (or two

particles) is independent of any particular frame of reference. Evidently, this assumption is expressed by
the form of the transformation eq. (1) or (3). If a rod has length L in the frame S with the end coordinates .

X, andx then L = X, X,

If at the same time the end coordinates of the rod in §" are x ' and x,', then L' =x,' — x,". But for any
time ¢, from eq. (3), we have

] | .
. LR TR :
Therefore, L'=L ‘ .(4)
- Thus the length or distance between two points is invariant under Galilean transformations. .

Differentiating eq.(1) with respect to time, we get

£=V+£=V+d—r’- =
d  dt. [ t_t_]
or u=v+u' ' -(5)

where u and u’ are the observed velocities in S and S’ frames respectively.

- Eq. (5) transforms the velocity of a particle from one frame to another and is known as Galilean (or
classical) law of addition of velocities.

Again differentiating eq. (5) with respect to time ¢, we have

du =0+ d_u_ﬂ Ve f—= ¢!
d o de drf o ' b= |
or a=a' E ' : ..(6)

Hence according to Galilean tmnsformatzons the acceleratlons of a particle relatlve to S and §'
- frames are equal. :

It is to be mentioned that the Galilean transformations are based basically on two assumptions :
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(1) There exists a universal time t whtch is the same in-all reference systems

(2) The distance between two pomts in vartous inertial systems is the same.

Thus if any two events occur smultaneously for any observer then they must occur snnultaneously for
all observers. In other words, the time interval between two gzven events must be identical for all systems of
reference : _

12.3. PRINCIPLE OF RELATIVITY:

Absolute velocity of a body has no meaning. The velomty has a. meamng only when it i measured' '
relafive to some other body or frame of reference. If two bodies are moving with uniform relative velocity,
it is impossible to decide which of them is at rest or which of them is moving. This is kng#n as principle
wty. However, acceleration has an absolute meaning. For example, if we are sitting in a windowless
accelerated alrcraft we can perform an experlment and measure its acceleratlon : t if the ai'rcraft is

The motion ofa b y itself has no meaning unless, we do not know with respect to Wthh this motion
has been measured. This led Newton to think about the absolute space and/it represents an absolute frame

 to the ztbsolute frame by obs _
In-the unaccelerated windowle ip all _experlments perf grfned inside it will appear the saﬁle whether
this ‘ship is stationary.or in uniform\motion. Newton stated the principle of relativity as follows: ’

ements of accelerations, forces etc among bodles The

principle of relativity can be stated in an eleggt foxn as follows :

The basic laws of physics are identicg tn allNinertigl systems which move with uniform velocity wrth
respect to one another.

This principle is called Galilegn or Newtonian principle of relativity and sometimes it is named as
hypothesis of Galilean invarigice. In fact, the principle, of relativity is a fundamental postulate and is
entirely consistent with the dfeory of special relativity. If any two\inertial systems, moving with constant
relative velocity, are. comfected by Galilean transformations, the prindiple of relativity is modified as :

The basic laws /of physics are invariant in form m two_referenceé\systems connected by Galilean
transformations. :

This statemgnt is somewhat special than the principle of relativity in- the sense that it means the
assumptions thgt the time and the space intervals are independent of the frame ofreference. We shall see
later in the theory of special relativity that the Galilean transformations are\pot correct, but the
appropriate £xact transformation equations are the Lorentz transformation equations\for connecting any
two frameg/in uniform relative motion. Thus, the principle of relativity may be stated as\

The pasic laws of physics are invariant in form in two inertial frames conuected by Lorents
transfoymations. '

12.4. TRANSFORMATION OF FORCE FROM ONE‘I.NERTIAL SYSTEMTO Al .' {ER

Suppose that the force F on a particle of mass m in the frame S is represented by Newton’s second law










